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A Four-Round LOCC Protocol Outperforms All Two-Round Protocols in Reducing
the Entanglement Cost for A Distributed Quantum Information Processing
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We prove that there is a trade-off relation between the entanglement cost and the number of rounds
of communication, for two distant parties to accomplish a bidirectional quantum information task
by local operations and classical communication (LOCC). We consider an implementation of a class
of two-qubit controlled-unitary gate by LOCC assisted by shared entanglement, in an information
theoretical scenario of asymptotically many input pairs and vanishingly small error. We prove the
trade-off relation by showing that one ebit of entanglement per pair is necessary to be consumed for
implementing the unitary by any two-round protocol, whereas the entanglement cost by a four-round
protocol is strictly smaller than one ebit per pair.
PACS numbers: 03.67.Bg, 03.67.Mn
I. INTRODUCTION
When two distant parties collaborate to perform a dis-
tributed quantum information processing, it is necessary
to communicate some information with each other. If the
communication is restricted to be transmission of classi-
cal bits, it may also be necessary to make use of some
entanglement shared in advance, depending on the task.
Entanglement and classical communication are thus re-
garded as resources for distributed quantum information
processing, and minimizing the cost of those resources
has been one of the central issues in quantum informa-
tion theory.
A relatively unexplored question about distributed
quantum information processing is how the performance
of a protocol to accomplish a task depends on the num-
ber of rounds of communication in the protocol [1]. It has
been known that the performance of a protocol with more
than one round of communication is strictly better than
that of any protocol with only one round of communica-
tion, for several tasks such as entanglement distillation
[2], quantum key distribution [3], state discrimination [4–
6] and hypothesis testing [7–9]. However, few example of
tasks is known for which an r′-round protocol outper-
forms any r-round protocol and 2 ≤ r < r′, with the ex-
ception of the result of [5]. Moreover, to our knowledge,
it is not known whether there exists a trade-off relation
between the entanglement cost and the number of rounds
of a protocol for a “genuinely bidirectional” task, which
cannot be accomplished by any protocol with only one
round of communication.
In this paper, we investigate implementation of a bipar-
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tite unitary gate by LOCC (local operations and classical
communication) assisted by shared entanglement, in an
information theoretical scenario introduced in [10]. We
prove that, for a class of two-qubit controlled-unitary
gates, a four-round protocol outperforms all two-round
protocols in reducing the entanglement cost. Thus we
provide a first example of genuinely bidirectional tasks
for which there is a trade-off relation between the entan-
glement cost and the number of rounds of communica-
tion. It is different from the trade-off relation between the
entanglement cost and the classical communication cost,
which is known to exists, e.g., for remote state prepara-
tion [11–14].
This paper is organized as follows. In Section II, we
introduce definitions of the problem. We present the
main result and the proof in Section III. Conclusions are
given in Section IV. Some technical parts of the proof of
the main result are presented in Appendices.
Notations. |Φd〉, |ΦKn〉 and |ΦLn〉 represent the maxi-
mally entangled state with the Schmidt rank d,Kn, Ln ∈
N, respectively. πd is the maximally mixed state of
rank d. The fidelity and the trace distance between
two quantum states ρ and σ are defined as F (ρ, σ) :=
(Tr[
√√
ρσ
√
ρ])2 and ‖ρ− σ‖1 := Tr[
√
(ρ− σ)2], respec-
tively. We abbreviate F (ρ, |ψ〉〈ψ|) as F (ρ, |ψ〉). For a
quantum operation E , we abbreviate E(|ψ〉〈ψ|) as E(|ψ〉).
log x represents the base 2 logarithm of x.
II. DEFINITIONS
In this section, we describe a task that we analyze in
this paper, and present a definition of a trade-off rela-
tion between the entanglement cost and the number of
rounds.
Suppose Alice and Bob are given a sequence of bi-
partite quantum states |ψi1〉AB · · · |ψin〉AB , generated by
2an i.i.d. quantum information source of an ensemble
{pi, ψi}i. We assume that the source is completely mixed,
i.e.,
∑
i
pi|ψi〉〈ψi|AB = πAd ⊗ πBd .
Alice and Bob perform the same bipartite unitary UAB
on each of |ψi1 〉AB, · · · , |ψin〉AB by LOCC using a re-
source state ΦA0B0Kn , in such a way that the average error
vanishes in the limit of n → ∞. Following the formula-
tion of the Schumacher compression [15], we assume that
Alice and Bob do not know the ensemble {pi, ψi}i, but
know that the average state is completely mixed. An
equivalent task is that Alice and Bob apply (UAB)⊗n on
(|Φd〉ARA |Φd〉BRB )⊗n by LOCC using a resource state
ΦA0B0Kn . Here, RA and RB are imaginary reference sys-
tems that are inaccessible to Alice and Bob.
In general, a two-party LOCC protocol consists of con-
catenation of one party performing a local measurement
and communicating a classical message to another. The
number of concatenation is called the number of rounds
of the protocol. For example, a two-round protocol pro-
ceeds as follows: Alice first performs a measurement and
communicates the outcome to Bob; Bob then performs
a measurement and communicates the outcome to Alice;
and, finally, Alice performs an operation.
A rigorous definition of the entanglement cost of a uni-
tary is given below.
Definition 1 (Definition 1 in [10]) Let U be a bipartite
unitary acting on two d-dimensional quantum systems
A and B. Let Alice and Bob have quantum registers
{A0, A1} and {B0, B1}, respectively, and let Mn be a
quantum operation from AnA0⊗BnB0 to AnA1⊗BnB1.
Mn is called an (r, n, ǫ)-protocol for implementing U if
Mn is an r-round LOCC that satisfies
F (ρ(Mn), |ΨU 〉⊗n|ΦLn〉A1B1) ≥ 1− ǫ, (1)
where
|ΨU 〉 := UAB|Φd〉ARA |Φd〉BRB
and
ρ(Mn) :=Mn(|ΦARAd 〉⊗n|ΦBRBd 〉⊗n|ΦKn〉A0B0). (2)
The entanglement cost of Mn is defined by logKn −
logLn.
Definition 2 A rate E is said to be achievable by an r-
round protocol for implementing U if, for any ǫ > 0, there
exists nǫ such that for any n ≥ nǫ, we find an (r, n, ǫ)-
protocol for implementing U with the entanglement cost
nE. For a technical reason, we additionally require that
lim
ǫ→0
ǫ · n4ǫ = 0. (3)
The entanglement cost of U by r-round protocols is de-
fined as
Er(U) := inf{E | E is achievable by an r-round
protocol for implementing U}.
The main focus of this paper is whether there is a
trade-off relation between the entanglement cost and the
number of rounds for implementing a bipartite unitary.
In considering “trade-off relation”, we compare the en-
tanglement cost of a unitary by r-round protocols and
that by an r′-round protocol (r < r′). If the latter is
strictly smaller than the former, we could say that there
exists a trade-off relation between the entanglement cost
and the number of rounds. A rigorous definition is as
follows:
Definition 3 There exists a trade-off relation between the
entanglement cost and the number of rounds for imple-
menting U if there exists r, r′ ∈ N such that
r < r′, Er(U) > Er′(U).
III. RESULT AND PROOF
We consider a class of two-qubit controlled-phase gate,
which takes the form of
UABθ = |0〉〈0|A ⊗ IB + |1〉〈1|A ⊗ (eiθσz )B
where
σz =
(
1 0
0 −1
)
, 0 < θ ≤ π
2
.
The main result of this paper is as follows:
Theorem 4 There exists a trade-off relation between the
entanglement cost and the number of rounds for imple-
menting Uθ for any θ ∈ (0, θmax], where θmax ∈ (0, π/2]
is a constant.
We prove Theorem 4 by showing that the following rela-
tions hold for any θ ∈ (0, θmax]:
E2(Uθ) ≥ 1, (4a)
E4(Uθ) < 1. (4b)
Inequality (4a) is proved in [10] (see the converse part of
Theorem 25 therein), and an outline of the proof will be
presented at the end of this section. We prove Inequality
(4b) in the following subsections, in which we also derive
a stronger relation that
lim
θ→0
E4(Uθ) = 0. (5)
3A. A Single-Shot Four-Round Protocol
Let us first describe a single-shot protocol proposed
in [16] for implementing the following two-qubit unitary
gate by four-round LOCC:
U˜ABθ = cos
(
θ
2
)
· IA ⊗ IB + i sin
(
θ
2
)
· σAz ⊗ σBz . (6)
Note that U˜θ is equivalent to Uθ up to local unitary trans-
formations [17].
The protocol consists of a concatenation of two two-
round protocols. In the first half, Alice and Bob imple-
ment U˜θ by using the following state as a shared resource
(See Appendix A for the detail):
|φα〉A0B0 = cos
(α
2
)
|0〉|0〉+ i sin
(α
2
)
|1〉|1〉.
The protocol is probabilistic and the success probability
is given by
p(α, θ) =
sin2 α
2(1− cos θ cosα)
If the protocol succeeds, U˜θ is implemented on the input
pair as desired, in which case Alice and Bob do nothing
in the second half of the protocol. If it fails, then an-
other controlled-unitary gate U˜θ′ is applied to the input
state. In that case, Alice and Bob continue to imple-
ment U˜θ−θ′ by a deterministic protocol proposed in [18]
in the second half, which consumes one Bell pair. Note
that U˜θ−θ′U˜θ′ = U˜θ. Thus the protocol succeeds in im-
plementing U˜θ in total, regardless of the failure in the
intermediate step. The average entanglement cost, mea-
sured by entanglement entropy, is given by
E¯(α, θ) = 1− p(α, θ) + h (cos2(α/2)) ,
where h is the binary entropy defined by
h(x) := −x log x− (1− x) log (1− x).
Define
αθ :=
√
θ, pθ := p(αθ, θ), Eθ := E¯(αθ, θ).
It is straightforward to verify that Eθ is a continuous
function of θ ∈ (0, π/2]. As we prove in Appendix B 1,
the function satisfies
lim
θ→0
Eθ = 0. (7)
Thus there exists a constant θmax ∈ (0, π/2] such that we
have
Eθ < 1 (8)
for all θ ∈ (0, θmax].
B. An n-Shot Protocol
Let us consider an n-shot protocol for implementing
U˜θ. Fix arbitrary δ > 0 and n ∈ N. The protocol pro-
ceeds as follows:
I-1. Alice and Bob initially share n copies of |φαθ 〉 and
n(1− pθ + δ) Bell pairs.
I-2. By using n copies of |φα〉 as resources, they perform
U˜θ on each of the input sequence by the first half
of the protocol described in Section III A. Either of
the following two events will occur:
(a) The number of pairs for which U˜θ has been
applied is not smaller than n(pθ − δ). U˜θ′ has
been applied on the other pairs, the number
of which is not greater than n(1− pθ + δ).
(b) The number of pairs for which U˜θ has been
applied is smaller than n(pθ − δ).
Continue to the next step if (a) has occurred.
I-3. By using n(1 − pθ + δ) Bell pairs, they perform
U˜θ−θ′ by the second half of the protocol described
in Section IIIA, on pairs for which U˜θ′ has been
applied.
Let M′n be a quantum operation that represents Step
I-2 and I-3, and suppose the input state is
|Ψn〉A
nBn := |ψ1〉AB · · · |ψn〉AB.
The total error is evaluated as follows. Let ǫn be the
probability that (b) occurs in Step I-2, and let τ(b) be
the state obtained when (b) occurs. If (a) occurs in Step
I-2, the final state is exactly equal to the target state
|Ψn,tar〉 := U˜⊗n|Ψn〉. Thus the final state is, in total,
given by
M′n
(
|Ψn〉|φαθ 〉⊗n|Φ2〉⊗n(1−pθ+δ)
)
= (1− ǫn)|Ψn,tar〉〈Ψn,tar|+ ǫnτ(b),
which leads to∥∥∥M′n
(
|Ψn〉|φαθ 〉⊗n|Φ2〉⊗n(1−pθ+δ)
)
−U˜⊗nθ |Ψn〉〈Ψn|U˜ †⊗nθ
∥∥∥
1
= ǫn
∥∥|Ψn,tar〉〈Ψn,tar| − τ(b)∥∥1 ≤ 2ǫn. (9)
The law of large numbers implies limn→∞ ǫn = 0. It is
proved in [19] that there exists an n-independent positive
constant cθ such that
ǫn ≤ exp (−cθδ2n) (10)
for any δ and n.
4C. Proof of Inequality (4b)
We prove that
E4(Uθ) ≤ Eθ for any θ ∈ (0, π/2].
This yields Inequality (4b) for θ ∈ (0, θmax] due to (8),
as well as (5) due to (7). Note that the local unitary
equivalence of Uθ and U˜θ implies E4(Uθ) = E4(U˜θ). Thus
we prove in the following that E4(U˜θ) ≤ Eθ for any θ ∈
(0, π/2]. We denote h(cos2(αθ/2)) simply by hθ.
Fix arbitrary δ > 0 and n ∈ N, and consider the follow-
ing protocol for implementing U˜θ with the entanglement
cost n(Eθ + 2δ).
II-1. Alice and Bob initially share a maximally entangled
state with Schmidt rank Kn = 2
n(Eθ+2δ).
II-2. Alice and Bob transforms the resource entangle-
ment to n(Eθ + 2δ) copies of Bell pairs by local
unitary operations.
II-3. By entanglement dilution [20], they transform
n(hθ+ δ) copies of Bell pairs to a state ωn which is
close to |φαθ 〉⊗n.
II-4. Alice and Bob perform M′n by using ωn and the
remaining n(1− pθ + δ) Bell pairs as resource.
Let Mn be a quantum operation that represents Step
II-2∼4, and define
ǫ′n :=
∥∥|ωn〉〈ωn| − |φαθ 〉〈φαθ |⊗n∥∥1 . (11)
By definition, we have
Mn (|Ψn〉|ΦKn〉) =M′n
(
|Ψn〉|ωn〉|Φ2〉⊗n(1−pθ+δ)
)
.
A simple calculation then yields∥∥∥Mn (|Ψn〉|ΦKn〉)− U˜⊗nθ |Ψn〉〈Ψn|U˜ †⊗nθ
∥∥∥
1
≤ 2ǫn + ǫ′n
(12)
from (9) (see Appendix B 2).
Since this relation holds for any |Ψn〉 ∈ (HA⊗HB)⊗n,
it follows that∥∥∥Mn
(
|ΦARA2 〉⊗n|ΦBRB2 〉⊗n|ΦKn〉
)
− |ΨU˜θ〉〈ΨU˜θ |⊗n
∥∥∥
1
≤ 2ǫn + ǫ′n.
As we prove in Appendix C, there exists an n-
independent positive constant c′θ such that
ǫ′n ≤ 2 exp
(
−c
′
θδ
2n
2
)
(13)
for any δ > 0 and n ∈ N. This ensures Condition (3)
combined with (10), noting that the fidelity and the trace
distance are related as F (ρ, σ) ≥ 1 − ‖ρ − σ‖1 (see e.g.
[23]). Since δ > 0 can be arbitrarily small, we obtain
E4(U˜θ) ≤ Eθ. 
D. Outline of the Proof of Inequality (4a)
Let us first consider an arbitrary bipartite unitary U
acting on two d-level systems A and B. Define a “tripar-
tite” state
|ΨU 〉ARA(BRB) := (UAB ⊗ IRARB )|Φd〉ARA |Φd〉BRB
by regarding B and RB as a single system. Consider a
task in which n copies of |ΨU 〉ARA(BRB) is transformed
by a random unitary operation on An to a Markov state
conditioned by Bn, i.e., a state that satisfies I(An :
BnRnB|RnA) = 0 [21]. In particular, suppose 2nR uni-
tary operations are randomly applied on An with the
uniform distribution, and the trace distance between the
final state and a Markov state vanishes in the limit of
n → ∞. The infimum ratio R satisfying this condition
is called the Markovianizing cost of U , and is denoted
by M(U) [10, 22]. The following proposition states that
M(U †) is a lower bound on the entanglement cost for im-
plementing a bipartite unitary by a two-round protocol.
Proposition 5 (Corollary of the converse part of Theo-
rem 25 in [10]) A rate E is achievable by a two-round
protocol for implementing U only if E ≥ M(U †), if we
require Condition (3) in Definition 2.
The Markovianizing cost of a bipartite unitary is com-
puted as follows. The Petz recovery map RU : A →
A(BRB) corresponding to |ΨU 〉ARA(BRB) is defined by
RU (τ) = (ΨA(BRB)U )
1
2 (ΨAU )
− 1
2 τ(ΨAU )
− 1
2 (Ψ
A(BRB)
U )
1
2
= UAB(TrB[U
†AB(τA ⊗ IB)UAB]⊗ ΦBRBd )U †AB
for τ ∈ S(HA) [21]. Define CPTP maps EU and EU,∞ on
A by
EU := TrBRB ◦ RU , EU,∞ := lim
N→∞
1
N
N∑
n=1
EnU ,
and consider the state
ΦARAU,∞ := EAU,∞(|Φd〉〈Φd|ARA).
It is proved in [10] that the Markovianizing cost of U is
equal to the von Neumann entropy of ΦARAU,∞ , i.e.,
M(U) = S(ΦARAU,∞ ).
For U˜θ defined by (6), we have
EU˜†
θ
(τ) =
1 + cos2 θ
2
· τ + 1
2
sin2 θ · σzτσz ,
which leads to
EU˜†
θ
,∞(τ) =
1
2
(τ + σzτσz) = |0〉〈0|τ |0〉〈0|+ |1〉〈1|τ |1〉〈1|.
Hence we have
ΦARA
U˜†
θ
,∞
=
1
2
(|0〉〈0| ⊗ |0〉〈0|+ |1〉〈1| ⊗ |1〉〈1|),
which implies M(U˜ †θ ) = 1. Therefore, due to Proposition
5, we obtain Inequality (4a).
5IV. CONCLUSION
We considered implementation of a class of two-qubit
controlled-unitary gate by local operations and classi-
cal communication (LOCC), assisted by shared entangle-
ment. We proved that a four-round protocol outperforms
all two-round LOCC protocols in reducing the entangle-
ment cost. Our result provides a first example of gen-
uinely bidirectional distributed quantum tasks, for which
there exists a trade-off relation between the entanglement
cost and the number of rounds of communication.
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Appendix A: A probailistic protocol for two-qubit
controlled-unitaries
In this Appendix, we describe a protocol for imple-
menting U˜θ by using resource state
|φα〉A0B0 = cos
(α
2
)
|0〉|0〉+ i sin
(α
2
)
|1〉|1〉,
which is proposed in [16]. Suppose the input state is
|ψ〉AB. The protocol proceeds as follows:
1. Alice performs the controlled-z gate
UA0A = |0〉〈0|A0 ⊗ IA + |1〉〈1|A0 ⊗ σAz ,
after which the whole state is
|ψ′tot〉A0B0AB = cos
(α
2
)
|0〉A0 |0〉B0 |ψ〉AB
+i sin
(α
2
)
|1〉A0 |1〉B0σAz |ψ〉AB .
2. Alice performs a projective measurement on A0
with basis {|+〉, |−〉}, and sends the outcome to
Bob.
3. Bob performs I or σz on B0 depending on the mea-
surement outcome. The whole state is then
|ψ′′tot〉B0AB = cos
(α
2
)
|0〉B0 |ψ〉AB
+i sin
(α
2
)
|1〉B0σAz |ψ〉AB.
4. Alice performs the controlled-z gate
UB0B = |0〉〈0|B0 ⊗ IB + |1〉〈1|B0 ⊗ σBz ,
after which the whole state is
|ψ′′′tot〉B0AB = cos
(α
2
)
|0〉B0 |ψ〉AB
+i sin
(α
2
)
|1〉B0(σAz ⊗ σBz )|ψ〉AB .
5. Bob performs a projective measurement on B0 with
basis {|χ〉/〈χ|χ〉1/2, |χ⊥〉/〈χ⊥|χ⊥〉1/2}, and sends
the outcome to Alice. Here, |χ〉 and |χ⊥〉 are su-
pernormalized state vectors defined by
|χ〉 := cos (θ/2)
cos (α/2)
|0〉+ sin (θ/2)
sin (α/2)
|1〉,
|χ⊥〉 := sin (θ/2)
sin (α/2)
|0〉 − cos (θ/2)
cos (α/2)
|1〉.
If the measurement outcome corresponding to |χ〉 is ob-
tained, the state becomes
|ψs〉AB = 〈χ|ψ′′′tot〉
= cos
(
θ
2
)
|ψ〉AB + i sin
(
θ
2
)
(σAz ⊗ σBz )|ψ〉AB
as desired. The success probability is given by
p(α, θ) =
|〈χ|ψ′′′tot〉|2
〈χ|χ〉 =
1
〈χ|χ〉 =
sin2 α
2(1− cos θ cosα) .
If the complementary outcome is obtained, then the state
changes
|ψf 〉AB = 〈χ⊥|ψ′′′tot〉
=
sin (θ/2)
tan (α/2)
|ψ〉AB + i cos (θ/2)
tan (α/2)
−1 (σ
A
z ⊗ σBz )|ψ〉AB ,
up to normalization condition. It is straightforward to
verify that the normalized state satisfies
|ψf 〉AB
‖|ψf〉AB‖ = U˜θ′ |ψ〉
AB
with θ′ defined by
tan
(
θ′
2
)
=
tan2 (α/2)
tan (θ/2)
.
Appendix B: Proof of Equality (7) and Inequality
(12)
1. Equality (7)
By definition, we have
Eθ = 1− pθ + h(cos2(
√
θ/2)), (B1)
pθ =
sin2
√
θ
2(1− cos θ cos√θ) .
6It is straightforward to verify that
lim
θ→0
h(cos2(
√
θ/2)) = 0. (B2)
For θ ≈ 0, we have
sin2
√
θ = θ +O(θ2),
cos θ = 1− 1
2
θ2 +O(θ4),
cos
√
θ = 1− 1
2
θ +O(θ2),
cos θ cos
√
θ = 1− 1
2
θ +O(θ2).
Thus we have
pθ =
θ +O(θ2)
2
(
1
2θ +O(θ
2)
) = 1 +O(θ),
which leads to
lim
θ→0
pθ = 1. (B3)
From (B1), (B2) and (B3), we obtain (7). 
2. Inequality (12)
We obtain Inequality (12) as
∥∥∥Mn(|Ψn〉|ΦKn〉)− U˜⊗nθ |Ψn〉〈Ψn|U˜ †⊗nθ
∥∥∥
1
=
∥∥∥M′n
(
|Ψn〉|ωn〉|Φ2〉⊗n(1−pθ+δ)
)
−U˜⊗nθ |Ψn〉〈Ψn|U˜ †⊗nθ
∥∥∥
1
≤
∥∥∥M′n
(
|Ψn〉|ωn〉|Φ2〉⊗n(1−pθ+δ)
)
−M′n
(
|Ψn〉|φαθ 〉⊗n|Φ2〉⊗n(1−pθ+δ)
)∥∥∥
1
+
∥∥∥M′n
(
|Ψn〉|φαθ 〉⊗n|Φ2〉⊗n(1−pθ+δ)
)
−U˜⊗nθ |Ψn〉〈Ψn|U˜ †⊗nθ
∥∥∥
1
≤
∥∥∥|Ψn〉〈Ψn| ⊗ |ωn〉〈ωn| ⊗ |Φ2〉〈Φ2|⊗n(1−pθ+δ)
−|Ψn〉〈Ψn| ⊗ |φαθ 〉〈φαθ |⊗n ⊗ |Φ2〉〈Φ2|⊗n(1−pθ+δ)
∥∥∥
1
+2ǫn
=
∥∥|ωn〉〈ωn| − |φαθ 〉〈φαθ |⊗n∥∥1 + 2ǫn
= ǫ′n + 2ǫn.
Here, the first line follows from the definition ofM′n; the
second line due to the triangle inequality for the trace
distance; the third line from the monotonicity of the trace
distance and Inequality (9); the forth line because we
have ‖ρ⊗ τ − σ⊗ τ‖1 = ‖ρ− σ‖1; and the fifth line from
Inequality (11). 
Appendix C: Proof of Inequality (13)
1. Typical Subspace
Define
λ0 = cos
2
(αθ
2
)
, λ1 = sin
2
(αθ
2
)
,
and fix arbitrary δ > 0, n ∈ N. A sequence x =
(x1, · · · , xn) ∈ {0, 1}n is said to be δ-weakly typical with
respect to {λx}x∈{0,1} if it satisfies
2−n(H({λx})+δ) ≤
n∏
i=1
λxi ≤ 2−n(H({λx})−δ). (C1)
Here, H({λx}) is the Shannon entropy of a probability
distribution {λx}x∈{0,1} defined by
H({λx}) := −
∑
x={0,1}
λx logλx,
and is equal to hθ. The set of all δ-weakly typical se-
quences is called the δ-weakly typical set, and is denoted
by Tn,δ. The δ-weakly typical subspace of (HA0)⊗n with
respect to φA0αθ = TrB0 [|φαθ 〉〈φαθ |A0B0 ] is defined as
Hn,δ :=
span
{ |x1〉 · · · |xn〉 ∈ (HA0)⊗n∣∣ (x1, · · · , xn) ∈ Tn,δ} .
Let Πn,δ be the projection onto Hn,δ ⊆ (HA0)⊗n, and let
us introduce a notation
λx := λx1 · · ·λxn .
Abbreviating (Πn,δ ⊗ IBn0 )|φαθ 〉⊗n as Πn,δ|φαθ 〉⊗n, we
have
Tr[Πn,δ(|φαθ 〉〈φαθ |⊗n)] =
∑
x∈Tn,δ
λx. (C2)
It is proved in [19] that there exists a constant c > 0,
which depends on {λx}x, such that for any δ > 0 and n,
we have ∑
x∈Tn,δ
λx ≥ 1− exp (−cδ2n).
Denoting this constant by c′θ, we obtain
Tr[Πn,δ(|φαθ 〉〈φαθ |⊗n)] ≥ 1− exp (−c′θδ2n)
from (C2).
2. Proof of Inequality (13)
Fix arbitrary δ > 0, n ∈ N, and consider the normal-
ized state |ωn〉 defined by
|ωn〉 := Πn,δ(|φαθ 〉
⊗n)√
Tr[Πn,δ(|φαθ 〉〈φαθ |⊗n)]
. (C3)
7Due to the gentle measurement lemma (see e.g. Lemma
9.4.1 in [23]), the state satisfies
∥∥|ωn〉〈ωn| − |φαθ 〉〈φαθ |⊗n∥∥1 ≤ 2 exp
(
−c
′
θδ
2n
2
)
.
By definition, the Schmidt decomposition of |ωn〉 is given
by
|ωn〉 =
∑
x∈Tn,δ
√
λ′
x
|x〉|x〉,
where
λ′
x
:=
λx
Tr[Πn,δ(|φαθ 〉〈φαθ |⊗n)]
.
From (C1), it follows that
λ′
x
≥ 2−n(H({λx})+δ).
Thus a uniform distribution on a set
{1, · · · , 2n(H({λx})+δ)} is majorized by a probability
distribution {λ′
x
}x∈Tn,δ . Consequently, due to [24], there
exists a LOCC protocol that transforms n(H({λx}) + δ)
copies of Bell pairs to |ωn〉 deterministically and exactly.

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